An alternative Wald type test called the quel test is developed for two linear restrictions by finding the critical region based on the quel utilizing the repeated values of estimated parameters of interest under the null. Simulation shows evidence that the full quel test performs best in that it holds nominal level well and shows monotonic increasing power properties.
Introduction
Considerable interest exists in testing linear restrictions in the nonlinear models such as logit, Tobit and exponential models. For testing such hypotheses in the context of nonlinear models, an asymptotic test such as the Wald test or the likelihood ratio test is usually employed. The Wald test has an advantage over the likelihood ratio test since the Wald test requires the maximum likelihood estimates of the parameters only under the alternate hypothesis.
Unfortunately, for small samples the Wald test does not perform well in terms of size and power property. In some situations, the power of the Wald test first increases then eventually starts decreasing when alternative hypothesis parameters increase in distance from the null hypothesis. The Wald test behaves this way because, for certain parameter values, the estimated covariance matrix of the maximum likelihood estimator increases faster than the square of the distance between the parameter estimate and null value (see, for example, Hauck & Donner, 1977; Vaeth, 1985; Mantel, 1987; Nelson & Savin, 1988 , 1990 . Moreover, the biased estimates of the parameters being tested can cause the power of the Wald test to drop below its size at local alternatives (for example Krishna K. Saha is an Associate Professor in the Department of Mathematical Sciences. Email: sahakrk@mail.ccsu.edu. see, Goh, 1998) . These two types of behavior discussed above are usually known as nonmonotonicity in the power function and local biasedness respectively.
Other important situations exist in which the estimated covariance matrix cannot be assessed and may not have an explicit form. For example, testing for the presence of first-order moving average disturbances in a linear regression model the information matrix is not well defined if the parameter of the moving average process is 1 or -1 (see Goh, 1998) .
This article introduces to construct the alternative Wald type tests that do not depend on the estimated covariance matrix, and use nonparametric ideas and computer simulation to judge whether the estimates observed are likely to have come from a null hypothesis data generating process. Applying the above concepts, we construct the bivariate generalizations of the boxplot based on a generalized quel introduced by Goldberg and Iglewicz (1992) which is defined as four separate quarter ellipses matched on their major and minor axes so that the quel is continuous and smooth. Previously, many authors including Turkey (1947) , Scott (1985) and Becketti and Gould (1987) attempted to estimate the confidence contours of a bivariate density, but those approaches had serious shortcomings.
The primary aim of this article is to construct new tests that solve the problem of non-monotonicity in the power function, but do not face the limitations discussed above in practice. These new tests only require simulated estimates of the parameters of interest under the null hypothesis but do not involve estimating the covariance matrix. Moreover, these new tests require defining the rejection region based on the contour points of the percentile confidence limits of quels (half and full) of the values of estimated parameters of interest under the null hypothesis. Furthermore, the null hypothesis is rejected if the sample data estimates fall outside the percentile confidence limit of a quel (half or full). 
Methodology
which, under the standard regularity conditions, follows a 2 χ distribution with 2 degrees of freedom asymptotically under the null hypothesis.
The Quel (Full or Half) Test
As observed for some nonlinear models, the estimated covariance matrix is not always available. Thus, some new test procedures namely, full quel and half quel tests, for two linear restrictions, are outlined which do not require an expression of this matrix. As only the quel for a two-dimensional case can be constructed (see Goldberg & Iglewicz, 1992) 
The construction of a quel depends on two things, the percentile of the errors γ and 2 γ create different kinds of quel. In this case, these values are chosen from two different options, which assess two different quels called full and half quels. These two options for constructing full and half quels are discussed in the Appendix. Upon acquiring the percentile of the standardized errors as well as the two additional estimators from either options for a full or half quel as shown in the Appendix, it is easy to find the boundary points of the percentile confidence limit for the full or half quel. In doing so, based on In a manner similar to the case of a full quel discussed above, the boundary points of the percentile confidence limit for a half quel can also be obtained as in equation (6) by using equation (5) Consider the case of using a full quel to find the boundary point P H 0 . In doing so, it is necessary to find a solution of an angle θ fq , based on the angle A H 1 so that the x and y coordinates of a point P H 0 using equations (5) and (6) 
To obtain the solution of θ fq from (8) 
Using (9), solve for the angle θ fq from equation (8) 
In this final case, evaluate the angle θ fq from equation (8) by using equation (15) 
Angle θ fq has two solutions for each case but imposing equation (17) In these two linear restrictions testing problems, all the test statistics defined follow the asymptotic Chi-squared distribution with two degrees of freedom under the null and standard regularity conditions.
Simulation Study
The object of the simulation study is to investigate the small-sample properties of the Wald, LR, and quel (full or half) tests for hypothesis testing problems involving two linear restrictions in both models discussed in terms of size and power. tests were performed at the 5% nominal level using the sample sizes, n = 30 and 80. In the three-regressor binary logit model, value of the nuisance parameter was set at η = 0.1. Each experiment was based on 1,000 replications. Empirical sizes and powers of the Wald and LR tests were estimated using asymptotic critical values. The empirical sizes and powers of the quel (full and half) test were also computed for both models. In each replication of the experiment, N = 200 samples were drawn from the data generating process under the null hypothesis to find the contour points of the percentile confidence limit of a quel (full or half). Empirical sizes and powers of the Wald, LR and quel (full or half) tests are reported in Tables 1-4 for the selected small-sample and experiments noted above. In the analysis of size, the rejection probabilities of the tests under the null, which are outside the range [0.0322, 0.0678], were significantly different from 5% at the 0.01 level for 1,000 replications. Based on these rejection probabilities, Tables 1 and 2 show that estimated sizes for the Wald and LR tests are significantly different from 5% at the 0.01 level in both models for sample size n = 30 and Table 3 shows that estimated sizes for the Wald test were significantly different from 5% at the 0.01 level in the two-regressor binary logit model for sample size n = 80. Of these tests, the LR test in general shows extreme liberal behavior, whereas the Wald test shows extreme conservative behavior in most data situations. Both proposed tests reported in Tables 1-4 perform extremely well and hold nominal level reasonably well in all instances. However, the performance of the full quel test is uniformly best in that it holds nominal level well in all data distribution situations with no apparent anticonservative behavior.
Empirical powers of all tests were computed for the parameter space around the null that divided into five different regions based on the signs of the parameter values. In both models, the powers of the Wald test are nonmonotonic at non-local alternatives in most of the regions (see, for example, regions 1 and 5 in Table 1 ). The Wald power function becomes almost flat at zero, for example, region 5 in Table 2 . In the most serious case of region 4 in Table 2 , the power for the Wald test is below 26% whereas at the same point in the parameter space, our proposed tests attain a power of 100%. The LR test, as well as the proposed new tests, has monotonic power functions in all the five regions of the parameter space in all cases for both of the models considered here. In some regions, the LR test perform better than all other tests, for example, region 2 in Table 2 . However, power estimates of the LR test are erroneous because this test is liberal. The proposed quel tests show excellent power properties in most data situations. Of these new tests, power of the full quel test is better than that of the half quel test in all five regions except for a few points of some regions in the parameter space. Moreover, the full quel test has more balanced power compared to that of the half quel test at the same local alternatives in most of the regions.
Overall, the full quel test has consistently higher power and holds its level quite well. In some situations, the half quel test showed good power property and well controlled level. Among the LR, half quel and full quel tests, the full quel test can be recommended for testing two linear restrictions in these nonlinear models.
Conclusion
The Wald test requires an analytical form of the variance-covariance matrix of the ML estimators of the parameters, and it shows extreme conservative and non-monotonic power behavior caused by inaccuracy of the estimated covariance matrix of the estimator. In this article an alternative Wald type test was proposed to resolve this problem of small-sample local biasedness and non-monotonic power behavior of the Wald test for two linear restrictions. The proposed new tests have desirable size with 
